Finite complete intersection dimension and vanishing of André–Quillen homology  by Soto, José J.M.
Journal of Pure and Applied Algebra 146 (2000) 197{207
www.elsevier.com/locate/jpaa
Finite complete intersection dimension and vanishing
of Andre{Quillen homology
Jose J.M. Soto 
Departamento de Algebra, Facultad de Matematicas, Universidad de Santiago de Compostella,
E-15771 Santiago de Compostella, Spain
Communicated by L. Robbiano; received 27 March 1998
Abstract
Let A be a noetherian local ring, I an ideal of A, and B = A=I . In this paper we deal with
the relationship among the niteness of the complete intersection dimension of the A-module B
(introduced by L.L. Avramov, V.N. Gasharov, and I.V. Peeva), the polynomial growth of the
A-module B, and the vanishing of the Andre{Quillen homology functors Hn(A; B;−). c© 2000
Elsevier Science B.V. All rights reserved.
MSC: 13D03; 13D05; 13D40
1. Introduction
In [8], Avramov et al. introduce the concept of complete intersection dimension of
a nite module over a (commutative) noetherian local ring. It is related to complete
intersection local rings as projective dimension is related to regular local rings (see
Section 2). It is also related to the polynomial growth (see also Section 2). Let A
be a noetherian local ring, I an ideal of A, and B = A=I . In this paper we deal with
the relationship among the niteness of the complete intersection dimension of the
A-module B, the polynomial growth of the A-module B, and the vanishing of the
Andre{Quillen homology functors Hn(A; B;−) [1,17].
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2. Complete intersection dimension
We recall some denitions and basic properties from [8].
Denition 1 (Complete intersection dimension). By a local at extension A! A0 we
mean a local at homomorphism of noetherian local rings. We say that a surjec-
tive homomorphism of local rings R ! S is a deformation if its kernel is generated
by a regular sequence. If A is a local noetherian ring, M a nite A-module, and
pd denotes projective dimension, we dene the complete intersection dimension as
follows: CI-dimA(M) = inffpdQ(A0 ⊗A M) − pdQ(A0), where A ! A0 is a local at
extension, and Q ! A0 is a deformationg if M 6= 0; and we dene CI-dimA(0) = 0.
Proposition 2 (Complete intersection rings). Let (A;m; k) be a noetherian local ring.
The following are equivalent:
(i) A is complete intersection;
(ii) CI-dimA(M)<1 for any nite A-module M;
(iii) CI-dimA(k)<1.
Proposition 3 (Generalized Auslander{Buchsbaum formula). Let (A;m; k) be a noe-
therian local ring and M a nite A-module.
(i) If pdA(M)<1; then CI-dimA(M) = pdA(M).
(ii) If CI-dimA(M)<1; then CI-dimA(M) = depth(A)− depthA(M).
Proposition 4 (Localization).
CI-dimA(M) = supfCI-dimAp (Mp); p 2 SuppA Mg:
Proposition 5. Let (A;m; k) be a noetherian local ring and M a nite A-module. If
A ! A0 is a local at extension and Q ! A0 is a deformation such that pdQ(A0 ⊗A
M)<1; then CI-dimA(M) = pdQ(A0 ⊗A M)− pdQ(A0):
Denition 6 (Polynomial growth). Let fangn0 be a sequence of non-negative inte-
gers. We say that fang has polynomial growth if there exists a polynomial P(X ) 2
Z[X ] and a positive integer N such that an  P(n) for all n  N . We say that a for-
mal power series
P
n0 anT
n 2 Z[[T ]] has polynomial growth if fang has polynomial
growth.
Proposition 7. Let (A;m; k) be a noetherian local ring and M a nite A-module. If
CI-dimA(M)<1; then the Poincare series of MX
n0
dimk TorAn (M; k)T
n
has polynomial growth (we will say simply that the A-module M has polynomial
growth):
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The converse holds at least for some rings which are \close" to complete inter-
sections.
Theorem 8 (Avramov [5, (1.5)]). Let (A;m; k) be a noetherian local ring which sat-
ises one of the following conditions (where emb:dim:(A) is the minimum number of
generators of the ideal m):
(i) emb:dim:(A)− depth(A)  3;
(ii) emb:dim:(A)− depth(A)  4 and A is Gorenstein;
(iii) A is one link from a complete intersection;
(iv) A is two links from a complete intersection and A is Gorenstein.
If M is a nite A-module which has polynomial growth; then CI-dimA(M)<1.
In [7] there is an example of a noetherian local ring (A;m; k) and a nite A-module
M having polynomial growth and such that pdQ(A^ ⊗A M) =1 for any deformation
Q ! A^, where A^ is the completion of A in the m-adic topology.
3. Vanishing of Andre{Quillen homology
Let A be a noetherian local ring, I an ideal of A, and B = A=I . For n  0, let
Hn(A; B;−) be the Andre{Quillen homology functors [1,17]. We deal often with the
condition Hn(A; B;−) = 0 for all n  3, so in order to facilitate a better understanding
of the meaning of this condition, we reproduce here a result from [11] (though it will
not be used in the following).
Theorem 9 (Blanco et al. [11, Corollary 30]). Let A be a noetherian ring; I an ideal
of A; and B=A=I . Let E be the Koszul complex associated to a set of generators of
I. The following are equivalent:
(i) Hn(A; B;−) = 0 for all n  3;
(ii) the B-module H1(E) is at and the canonical homomorphism of graded B-
algebras
V
B H1(E)! H (E) is an isomorphism.
From the results of [6,9] we can deduce:
Proposition 10. Let A be a noetherian local ring; I an ideal of A; and B=A=I . Assume
that CI-dimA(B)<1. Then the following are equivalent:
(i) H3(A; B;−) = 0:
(ii) Hn(A; B;−) = 0 for all n  3:
(iii) There exists some n0 such that Hn(A; B;−) = 0 for all n  n0.
If B contains a eld of characteristic zero; then the above conditions are also equiv-
alent to
(iv) Hn(A; B;−) = 0 for innitely many positive integers n.
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Proof. Let A ! A0 be a local at extension and Q ! A0 a deformation such that
pdQ(B0)<1, where B0 = B ⊗A A0: Then for all n  0 we have Hn(A; B;M) =
Hn(A0; B0; M) for any B0-module M [1; 4:54] and so Hn(A; B;−)=0 implies Hn(A0; B0;−)
=0. Conversely, if N is a B-module, by [1; 4:54; 4:58] we have isomorphisms Hn(A0; B0;
N ⊗B B0)=Hn(A; B; N ⊗B B0)=Hn(A; B; N )⊗B B0. Since B0 is a faithfully at B-module,
we have that Hn(A0; B0;−) = 0 implies Hn(A; B;−) = 0:
Since Q ! A0 is a deformation, Hn(Q; A0;−) = 0 for all n  2 [1; 6:25], and then
from the Jacobi{Zariski exact sequence [1; 5:1] associated to Q ! A0 ! B0
   ! Hn(Q; A0;−)! Hn(Q; B0;−)! Hn(A0; B0;−)! Hn−1(Q; A0;−)!    ;
we have for any n  3; Hn(A0; B0;−) = 0 if and only if Hn(Q; B0;−) = 0.
So replacing A and B by Q and B0, we can assume in the statement of the proposition
that pdA(B)<1. Now,
(i) , (ii) follows from [18, Theorem 2.1].
(iii) ) (ii) follows from [6, 1.3].
(iv) ) (ii) follows from [9, Theorem A].
This result suggests the problem whether Hn(A; B;−) = 0 for all n  3 implies
CI-dimA(B)<1. More generally, Rodicio posed the following conjecture (modeled in
the Ferrand{Vasconcelos theorem, which states that Hn(A; B;−) = 0 for all n  2 if
and only if pdA(B)<1 and I=I 2 is a free B-module).
Conjecture 11. Let (A;m; k) be a noetherian local ring; I an ideal of A; and B= A=I .
Let E be the Koszul complex associated to an arbitrary set of generators of I. The
following are equivalent:
(i) Hn(A; B;−) = 0 for all n  3;
(ii) CI-dimA(B)<1 and H1(E) is a free B-module.
Proposition 12. In the hypothesis of Conjecture 11; we have (ii)) (i).
Proof. Let A ! A0 be a local at extension and Q ! A0 a deformation such that
pdQ(B0)<1, where B0=B⊗A A0. Then E0:=E⊗A A0 is the Koszul complex associated
to a set of generators of the ideal I 0:=I ⊗A A0= IA0=ker(A0 ! B0) of A0. So H1(E0)=
H1(E⊗A A0)=H1(E)⊗A A0=H1(E)⊗B B0 is a free B0-module. By [20, Theorem 1] we
have  = 0 in the following commutative diagram of exact rows and columns, where
L is the residue eld of A0 and B0:
H3(B0; L; L)
−! H2(A0; B0; L) −! H2(A0; L; L)∥∥∥ x?? 
x??
H3(B0; L; L)
−! H2(Q; B0; L) −! H2(Q; L; L)x??
H2(Q; A0; L):
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Since Q ! A0 is a deformation, Hn(Q; A0; L) = 0 for all n  2; and so  is injective.
Then  = 0. By a result of Avramov [3] (see [19, lemma 1.2]), and keeping in mind
that pdQ(B0)<1, we have =0. Therefore, H2(Q; B0; L)=0 and so Hn(Q; B0; L)=0 for
all n  2 [1, 6.25]. From the Jacobi{Zariski exact sequence associated to Q ! A0 ! B0
   ! Hn(Q; A0; L)! Hn(Q; B0; L)! Hn(A0; B0; L)! Hn−1(Q; A0; L)!    ;
we obtain Hn(A0; B0; L) = 0 for all n  3; and so Hn(A0; B0;−) = 0 for all n  3
[1, 4.57]. So for any B-module M we have Hn(A; B;M) = 0 for all n  3; since
Hn(A; B;M)⊗B B0 =Hn(A; B;M ⊗B B0) =Hn(A0; B0; M ⊗B B0) = 0, and B0 is a faithfully
at B-module.
Remark 13. (i) In general, CI-dimA(B)<1 does not imply Hn(A; B;−) = 0 for all
n  3, as we can see taking A a complete intersection ring and I an ideal of A such
that B = A=I is not a complete intersecion. In this case CI-dimA(B)<1 by Proposi-
tion 2, and from the Jacobi{Zariski exact sequence associated to A ! B ! k we can
deduce that Hn(A; B;−) 6= 0 for all n  1 [1, 6.27,10.20; 4]. See however, Propositions
17 and 19, and Remark 18.
(ii) H3(A; B;−) = 0) H1(E) is a free B-module [2, Proposition].
Now, we want to study the relationship between the vanishing of H3(A; B;−) and
polynomial growth of the A-module B. For convenience of the reader, we start with
two well-known (they are implicit, for instance, in [13]) elementary lemmas.
Lemma 14. Let k be a eld and khX1; : : : ; Xni the free graded k-algebra on the vari-
ables X1; : : : ; Xn of positive degree (i.e.; the exterior k-algebra on the variables of
odd degree; and the divided powers algebra on the variables of even degree; see
[14]). For i  0; let khX1; : : : ; Xnii be the homogeneous component of degree i; and
bi = dimk khX1; : : : ; Xnii. Then fbig has polynomial growth.
Proof. We have
X
i0
biZi =
0
BB@
nY
j=1
deg(Xj ) even
1
1− Zdeg(Xj)
1
CCA
0
BB@
nY
j=1
deg(Xj ) odd
(1 + Zdeg(Xj))
1
CCA
and then it suces to prove that the series 1=1 − Za and (1 + Zb) have polynomial
growth, which is clear.
Lemma 15. Let k be a eld and khX1; X2; : : :i the free graded k-algebra on the vari-
ables X1; X2; : : : . Assume that there exist innitely many variables Xj of positive even
degree and that bi = dimk khX1; X2; : : :ii is nite for all i. Then fbig does not have
polynomial growth.
Proof. Removing if necessary some variables, we can suppose that all the variables
Xj have positive even degree. Let bi;n = dimk khX1; : : : ; Xnii. Then, if v(n) is the least
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common multiple of fdeg(Xj)gj=1;:::; n we have
X
i0
bi;nZi =
nY
j=1
1
1− Zdeg(Xj) 
1
(1− Z(n))n =
X
h0

h+ n− 1
n− 1

Z(n)h;
where  means coecientwise comparison, and so
b(n)i; n 

i + n− 1
n− 1

=
(i + n− 1)(i + n− 2) : : : (i + 1)
(n− 1)!
 i
n−1
(n− 1)! for all i  0:
Since for any n, we have b(n)i  b(n)i; n for all i, the lemma follows.
Let (A;m; k) be a noetherian local ring, I an ideal of A; and B = A=I . Assume that
there exists a minimal free DG resolution (X; d) of the A-algebra B in the sense of [14,
Section 1:6], i.e., dX mX . For instance, this resolution exists if B is the residue eld
of A by a result of Gulliksen (see [14, Corollary 1.6.4]) and if A is a supplemented
B-algebra by a result obtained independently by Avramov and Rahbar-Rochandel (see
[15, Theorem 2.5]). Then, if pdA(B)<1 we have that I is generated by a regular
sequence. For, 0 = TorAn (B; k) = Hn(X ⊗A k) = Xn ⊗A k for n 0; and so X is a free
DG algebra on (a nite number of) odd-degree variables. In particular, there are no
variables of degree 2. But this means that H1(E) = 0 where E is the Koszul complex
associated to a minimal set of generators of the ideal I (since in order to construct
X , we adjoin variables of degree 2 to kill cycles in E1 representing a minimal set
of generators of H1(E); see [14, Section 1.9]). Therefore, I is generated by a regular
sequence.
We shall see an analogue for CI-dimA(B)<1.
Lemma 16. Let (A;m; k) be a noetherian local ring; I an ideal of A; and B = A=I:
Assume that B contains a eld of characteristic zero and that there exists a minimal
free DG resolution X of the A-algebra B. If the A-module B has polynomial growth;
then Hn(A; B;−) = 0 for all n 0; n even.
Proof. Since the Poincare seriesX
n0
dimkTorAn (B; k)T
n
has polynomial growth, and TorAn (B; k) = Hn(X ⊗A k) = Xn ⊗A k by minimality of X ,
Lemma 15 tells us that X is a free DG algebra over A on a set of variables containing
only nitely many variables of even degree.
Let J be the kernel of the augmentation X ⊗A B ! B. By [17, Theorem 9.5],
we have Hn(A; B; k) = Hn(J=J 2 ⊗B k) for n  0; and since X is minimal, we have
Hn(J=J 2 ⊗B k) = J=J 2 ⊗B k: Therefore, Hn(A; B; k) = 0 for n  0; n even. The result
follows from [1, 4.57].
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Proposition 17. Let (A;m; k) be a noetherian local ring, I an ideal of A; and B=A=I:
Assume that B contains a eld of characteristic zero and that there exists a minimal
free DG resolution X of the A-algebra B. If CI-dimA(B)<1; then Hn(A; B;−) = 0
for all n  3.
Proof. By Proposition 7, and Lemma 16, we have Hn(A; B;−) = 0 for all n  0,
n even. Then the result follows from Proposition 10.
Remark 18. As a particular case of Remark 13(i), we see that in general polynomial
growth of the A-module B does not imply Hn(A; B;−)=0 for all n 0. However, if B
is a complete intersection and has polynomial growth over A, then Hn(A; B;−) = 0 for
all n  3. In particular, if B is a complete intersection and CI-dimA(B)<1, then A is
a complete intersection. This follows easily from the change of rings spectral sequence
E2p;q = Tor
B
p(Tor
A
q (B; k); k)) TorAp+q(k; k);
keeping in mind that by [13, Theorem 2.3] a noetherian local ring (R; n; L) is complete
intersection if and only if the R-module L has polynomial growth.
Now, we will see one more case where CI-dimA(B)<1 implies Hn(A; B;−) = 0
for all n  3, as a consequence of a result of [16].
Proposition 19. Let (A;m; k) be a noetherian local ring; (x1; : : : ; xs) be a part of a
system of parameters of A, I = (x1; : : : ; xs); and B = A=I . If CI-dimA(B)<1; then
Hn(A; B;−) = 0 for all n  3:
Proof. Let (A;m; k) ! (A0; n; L) be a local at extension and Q ! A0 a deformation
such that pdQ(B0)<1, where B0=A0⊗A B. Let r=dim(A); x1; : : : ; xr be a system of
parameters of A (r  s); t=dim(A0⊗Ak); and y1; : : : ; yt be representatives in A0 of a sys-
tem of parameters of A0⊗A k: Denote by x0i the image of xi in A0. Then rad(x01; : : : ; x0r)=
rad(mA0) and rad(mA0 + (y1; : : : ; yt)) = rad(n): So rad(x01; : : : ; x
0
r ; y1; : : : ; yt) = rad(n).
Since A0 is at over A, dim(A0)=dim(A)+dim(A0⊗Ak)=r+t; and so, x01; : : : ; x0r ; y1; : : : ; yt
is a system of parameters of A0. Let z1; : : : ; zu be a regular sequence generating ker(Q !
A0). Then dim(A0) = dim(Q)− u, and so, if ~x1; : : : ; ~xr; ~y 1; : : : ; ~y t are representatives of
x01 : : : ; x
0
r ; y1; : : : ; yt in Q, then dim(Q=(z1; : : : ; zu; ~x1; : : : ; ~xr; ~y 1; : : : ; ~y t)=dim(A
0=(x01; : : : ; x
0
r ;
y1; : : : ; yt))=dim(A0)−(r+t)=dim(Q)−(u+r+t): So the ideal J=(z1; : : : ; zu; ~x1; : : : ; ~xs)=
ker(Q ! B0) is generated by a part of a system of parameters of Q. Since pdQ(B0)<1,
by [16, Proposition 4.4], J is generated by a regular sequence. Therefore, Hn(Q; B0;−)=
0 for n  2; and so by the Jacobi{Zariski exact sequence associated to Q ! A0 ! B0;
we obtain Hn(A0; B0;−)=0 for n  3: By at base change as in the proof of Proposition
10, we obtain Hn(A; B;−) = 0 for n  3:
Now we consider the reciprocal of Lemma 16.
Problem 20. Let A be a noetherian local ring, I an ideal of A; and B = A=I:
Does Hn(A; B;−)=0 for all n 0 imply that the A-module B has polynomial growth?
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Proposition 21. The answer to Problem 20 is in the armative when A is a supple-
mented B-algebra containing a eld of characteristic zero.
Proof. Let k be the residue eld of A and B and consider the fundamental spectral
sequence of Quillen (essentially [17, Theorem 6.3])
E2p;q = Hp+q(S
q
k (LBjA ⊗B k))) TorAp+q(B; k)
which by [17, Theorem 7.8] is degenerate, giving isomorphisms
TorAn (B; k) =
nM
q=0
Hn(S
q
k (LBjA ⊗B k)):
Since k is a eld of characteristic zero, H(S
q
k (LBjA ⊗B k)) = ~S
q
kH(LBjA ⊗B k) =
~S
q
kH(A; B; k) by [17, (7.2)], where ~SkH(A; B; k) is the free graded k-algebra on the
graded k-vector space H(A; B; k). By [1, 9.28], Hn(A; B; k) is a k-vector space of nite
dimension for each n  0. So the result follows from Lemma 14.
Remark 22. Let A be a noetherian local ring with residue eld k of characteristic
p> 0; I be an ideal of A and B=A=I . Assume that the fundamental spectral sequence
E2p;q = Hp+q(S
q
k (LBjA ⊗B k))) TorAp+q(B; k)
degenerates, giving isomorphisms
TorAn (B; k) =
nM
q=0
Hn(S
q
k (LBjA ⊗B k)):
If Hn(A; B; k) 6= 0 for some n  3, then the A-module B does not have polynomial
growth (and in particular CI-dimA(B)=1). It can be proved following the ideas in the
proof of [4, Theorem 1]. This provides some information about the converse of [10,
Theorem 8]: if the A-module B has polynomial growth, then Hn(A; B;−) = 0 for all
n  3 if and only if the associated fundamental spectral sequence degenerates. In par-
ticular, if A is a complete intersection ring with residue eld of characteristic p> 0; I
is an ideal of A such that B= A=I is not a complete intersection, then H3(A; B; k) 6= 0
and so the associated fundamental spectral sequence is not degenerate (note that if A
is a regular local ring and I an ideal of A not generated by a regular sequence, it is
elementary to see that the associated fundamental spectral sequence is not degenerate,
since E2p;1 = Hp+1(A; B; k) 6= 0 for p 1, and TorAn (B; k) = 0 for n> dim(A)).
Proposition 23. Let (A;m; k) be a noetherian local ring; I an ideal of A; and B=A=I .
Let E be the Koszul complex associated to an arbitrary set of generators of I.
Consider the following conditions:
(i) CI-dimA(B)<1 and H1(E) is a free B-module;
(ii) Hn(A; B;−) = 0 for all n  3;
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(iii) the A-module B has polynomial growth and H1(E) is a free B-module:
Then (i)) (ii)) (iii). We have also (ii)) (i) when A is a supplemented B-algebra.
We have (i), (ii), (iii) in each of the following cases:
(a) B is a complete intersection ring;
(b) emb:dim:(A)− depth(A)  3;
(c) emb:dim:(A)− depth(A)  4 and A is Gorenstein;
(d) A is one link from a complete intersection;
(e) A is two links from a complete intersection and A is Gorenstein.
Proof. (i)) (ii) is Proposition 12. To see (ii)) (iii) note that by [1, 9.28], H1(A; B; k)
and H2(A; B; k) are k-vector spaces of nite dimension. Now, the proof goes parallel
to the proof of [4, Theorem 1], keeping in mind that Hn(A; B;−) = 0 for all n  3,
and that by [10, Theorem 8] the associated fundamental spectral sequence
E2p;q = Hp+q(S
q
k (LBjA ⊗B k))) TorAp+q(B; k)
degenerates, giving isomorphisms
TorAn (B; k) =
nM
q=0
Hn(S
q
k (LBjA ⊗B k)):
The implication H3(A; B;−)= 0) H1(E) is a free B-module can be deduced from [2,
Proposition].
To see (ii) ) (i) when A is a supplemented B-algebra, rst note that by at base
change we can assume A and B to be complete. Then by [12, Theorem 4], there exists
a surjective homomorphism Q ! A such that the composition Q ! A ! B is a
deformation. Then by the Jacobi{Zariski exact sequence associated to Q ! A! B, we
see that Hn(A; B;−) = 0 for all n  3 implies that Hn(Q; A;−) = 0 for all n  2 and
so Q ! A is also a deformation. It is clear that pdQ(B)<1.
Finally, (iii) ) (i) in case (a) was noted in Remark 18, and in cases (b){(e) in
Avramov’s Theorem 8.
Problem 24. Let A be a noetherian local ring, I an ideal of A, and B = A=I . Assume
that A is a supplemented B-algebra. If the A-module B has polynomial growth, does it
follows that CI-dimA(B)<1?
Let A be a supplemented B-algebra containing a eld of characteristic zero. We
have seen in Proposition 21 that if Hn(A; B; k)=0 for n 0, then the A-module B has
polynomial growth. Therefore, for supplemented algebras of characteristic zero, keeping
in mind Proposition 10, an armative answer to Problem 24 gives an armative answer
of:
Quillen's conjecture [17, Conjecture 5.6]. Let A be a noetherian local ring, I an ideal
of A, and B= A=I . If Hn(A; B; k) = 0 for all n 0, then Hn(A; B; k) = 0 for all n  3.
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So we have an armative answer to Quillen’s conjecture for supplemented algebras
of characteristic zero satisfying one of the conditions of Theorem 8.
Conversely assume that the A-module B has polynomial growth. Then by Lemma
16, Hn(A; B; k) = 0 for n  0; n even. So (ii) ) (i) in Proposition 23 gives some
evidence for the equivalence of Problem 24 and Quillen’s conjecture for supplemented
algebras of characteristic zero.
We end the paper with a complement of Proposition 12.
Proposition 25. Let (A;m; k) be a noetherian local ring; I an ideal of A; B = A=I .
Let E be the Koszul complex associated to an arbitrary set of generators of I.
If CI-dimA(B)<1 and H1(E) is a free B-module; then
CI-dimA(B) = (I)− dimkH2(A; B; k);
where (I) = dimk(I=mI) is the minimum number of generators of the ideal I of A.
Proof. Let A ! A0 be a local at extension and Q ! A0 a deformation such that
pdQ(B
0)<1, where B0 = B ⊗A A0. Let J = ker(Q ! A0); T = ker(Q ! B0); I 0 =
IA0 = ker(A0 ! B0). By Proposition 12, Hn(A; B; k) = 0 for all n  3 and so by at
base change Hn(A0; B0; L) = 0 for all n  3, where L is the residue eld of A0 and
B0. From the Jacobi{Zariski exact sequence associated to Q ! A0 ! B0, we deduce
Hn(Q; B0; L) = 0 for all n  3, and since pdQ(B0)<1 we have H2(Q; B0; L) = 0 for
all n  2 by [1, 17.2]. Therefore, T is generated by a regular sequence (of length
pdQ(B
0)). From Proposition 5 we have
CI-dimA(B) = pdQ(B
0)− pdQ(A0) = (T )− (J )
= dimL H1(Q; B0; L)− dimL H1(Q; A0; L):
Consider now the lower terms of the Jacobi{Zariski exact sequence associated to
Q ! A0 ! B0
0 = H2(Q; B0; L)!H2(A0; B0; L)! H1(Q; A0; L)! H1(Q; B0; L)
!H1(A0; B0; L)! 0:
We obtain
CI-dimA(B) = dimL H1(A0; B0; L)− dimL H2(A0; B0; L)
= dimL H1(A; B; L)− dimL H2(A; B; L)
= dimk H1(A; B; k)− dimk H2(A; B; k)
= (I)− dimkH2(A; B; k):
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